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We discuss topology in dissipative quantum systems from the perspective of quantum trajectories.
The latter emerge in the unraveling of Markovian quantum master equations and/or in continuous
quantum measurements. Ensemble-averaging quantum trajectories at the occurrence of quantum
jumps, i.e., the jumptimes, gives rise to a discrete, deterministic evolution which is highly sensitive
to the presence of dark states [Gneiting et al, arXiv:2001.08929]. We show that, for a broad family of
translation-invariant collapse models, the set of dark state-inducing Hamiltonians imposes a nontriv-
ial topological structure on the space of Hamiltonians, which is also reflected by the corresponding
jumptime dynamics. The topological character of the latter can then be observed, for instance, in
the transport behavior. We develop our theory for one-dimensional two-band Hamiltonians with
chiral, PT , or time reversal symmetry.
INTRODUCTION
An elegant and powerful theory of topological phases
is applicable to closed quantum systems [1–4]. Condi-
tioned on the presence of a spectral gap and generic
symmetries, Hermitian Hamiltonians are classified into
topological equivalence classes, labeled by topological in-
dices that are invariant under perturbative deformations
of the Hamiltonian. Bulk-boundary correspondence the-
orems then relate these topological invariants of the bulk
to the existence of robust, gapless edge states. In topo-
logical insulators of closed systems, observing these edge
states can serve to detect the underlying bulk topology.
Formulating such a theory for open, dissipative quan-
tum systems requires new strategies, regarding both, how
to identify the topology, and how to detect it. Some lossy
classical and/or quantum systems can be characterized
by non-Hermitian Hamiltonians, which allow for a simi-
lar spectral analysis as in closed systems. While this has
led to interesting insights (e.g., [5–13]), non-Hermitian
Hamiltonians capture the dynamics of dissipative quan-
tum systems, which are usually described by (Markovian)
Lindblad master equations, only in the short-time or in
the Zeno limit, i.e., before the occurrence of quantum
jumps.
Open quantum systems are not characterized by their
Hamiltonian alone, but in addition involve Lindblad op-
erators, which describe the effect of the environment
and/or a continuous measurement. The spectral analysis
of Hamiltonians can then, for instance, be replaced by a
spectral analysis of the (in general mixed) steady states,
which again constitute Hermitian operators. In the case
of quadratic/Gaussian master equations with vanishing
Hamiltonian, this has led to a successful classification
of topological states, with the bulk-boundary correspon-
dence replaced by the existence of non-local decoherence-
free subspaces [14, 15]. Alternatively, the full “Lindbla-
dian” (comprising Hamiltonian and Lindblad operators)
can be subjected to a spectral analysis, which, again
for quadratic master equations, established a topologi-
cal classification associated to gapless edge states with
finite lifetime [16] (see also, e.g., [17–19]).
Here, we propose a substantially different approach,
based on quantum trajectories. Every Lindblad master
equation can be (in many ways) unraveled into stochas-
tically evolving quantum trajectories, such that their en-
semble average recovers the (time-dependent) solution
of the master equation. We restrict us here to quan-
tum jump unravelings, where the stochastic jump events
occur at discrete times. Besides their formal relation
to quantum master equations, quantum trajectories can
also be realized in continuous monitoring schemes, en-
dowing them with independent physical relevance.
Instead of ensemble averaging quantum trajectories at
given walltimes, which would lead us back to our starting
point, the Lindblad equation, we here focus on their av-
eraging at given jump counts, i.e., jumptimes. This was
recently established [20] as an alternative operationally
implementable way to address the collective behavior of
quantum trajectories. The resulting jumptime evolution
equation will serve as the basis of our analysis.
This shift of perspective offers yet another, different
angle on topology in dissipative quantum systems: The
jumptime evolution, which relies on the persistence of
quantum jumps, is highly sensitive to the presence of
dark states, where quantum jumps cease to occur. As we
show, for a broad family of translation-invariant collapse
models, this restates a topological classification within
the space of Hamiltonians; now, however, with the spec-
tral gap condition of closed systems replaced by the re-
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2quirement to avoid dark state-inducing Hamiltonians. In
the one-dimensional two-band models considered here,
this introduces a winding number as a topological invari-
ant, which substantially affects the jumptime evolution.
In particular, under generic symmetry constraints on the
Hamiltonian, this topological index directly controls, and
thus is directly detectable (e.g., by continuous monitor-
ing), in the transport behavior described by the jump-
time evolution.
JUMPTIME UNRAVELING
It is instructive to introduce quantum trajectories
through continuous quantum measurements, where they
are physically realized and quantum jumps detected. A
continuously monitored quantum system is governed by
a stochastic Schro¨dinger equation [21–24],
d|ψt〉 =− i~
Hˆeff + i~γ
2
∑
j∈I
〈ψt|Lˆ†jLˆj |ψt〉
 |ψt〉dt (1)
+
∑
j∈I
(
Lˆj |ψt〉
〈ψt|Lˆ†jLˆj |ψt〉
− |ψt〉
)
dNj(t),
where the Lindblad operators Lˆj characterize the con-
tinuous measurement. The discrete (we exclude dif-
fusive measurements here) random variables dNj(t) ∈
{0, 1} describe the stochastic occurrence of the quan-
tum jumps (recorded as “clicks” in the detector). They
have statistics E|ψt〉[dNj(t)] = γ〈ψt|Lˆ†jLˆj |ψt〉dt, and
dNj(t)dNk(t) = δjkdNj(t), where E|ψt〉 denotes the en-
semble average over all trajectories that are in state
|ψt〉 at the time t. The effective Hamiltonian Hˆeff =
Hˆ − i~γ2
∑
j∈I Lˆ
†
jLˆj captures the non-Hermitian evolu-
tion between the quantum jumps, while the added non-
linear term ensures that the state remains normalized.
Individual quantum trajectories |ψt〉 are specified by a
random sequence of jump events jn at times tn, |ψt〉 =
|ψt({(jn, tn)})〉. Such jump records have been success-
fully observed in various experimental platforms, includ-
ing trapped ions, cavity photons, and superconducting
circuits [25–30]. If quantum trajectories are averaged at
walltimes t, the ensemble-averaged state ρt = E[|ψt〉〈ψt|]
follows a Lindblad master equation,
∂tρt = − i~ [Hˆ, ρt] + γ
∑
j∈I
(
LˆjρtLˆ
†
j −
1
2
{Lˆ†jLˆj , ρt}
)
. (2)
Averaging here effectively results in discarding the jump
records, while the quantum trajectories are said to un-
ravel the quantum master equation (2). Note that en-
semble averages over classical noise/disorder realizations
[31, 32], which also reproduce quantum master equa-
tions but are not related to continuous quantum mea-
surements, are not considered here.
Alternatively, quantum trajectories can be averaged at
given jump counts n, i.e., at the respective (from trajec-
tory to trajectory varying) jumptimes tn. The resulting
ensemble-averaged state ρn = E[|ψtn〉〈ψtn |] is then gov-
erned by the discrete, deterministic jumptime evolution
equation [20],
ρn+1 =
∫ ∞
0
γdτ
∑
j∈I
Lˆje
− i~ Hˆeffτρne
i
~ Hˆ
†
effτ Lˆ†j , (3)
which encodes the evolution of the state from one quan-
tum jump to the next. These jumptime dynamics, which
we also refer to as jumptime unraveling, lay the ground
for our analysis. We emphasize that the evolution (3) is
exact and operationally accessible. A detailed derivation
and discussion of (3) is given in [20].
Bound to the occurrence of quantum jumps, the jump-
time evolution (3) describes a norm-preserving quantum
map if and only if the dynamics do not allow for dark
states [20]. Dark states |ψD〉 are pure states that satisfy
Lˆj |ψD〉 = 0∀j and [Hˆ, |ψD〉〈ψD|] = 0. Once the system
is in a dark state, the quantum jumps cease to occur. As
we show below, this sensitivity to the presence of dark
states may imprint topological properties on the jump-
time dynamics, even if the latter remain dark-state free.
To illustrate the concepts introduced and their rela-
tionships, let us examine an instructive example. Con-
sider a single particle propagating on a nearest-neighbor
hopping chain with hopping constant J and lattice con-
stant a, Hˆ = J
∑
j∈Z(|j + 1〉〈j| + h.c.) = 2J cos pˆa~ ,
extended by a dissipative directional hopping Lˆ =∑
j∈Z |j + 1〉〈j| = e−ipˆa/~. This (translation-invariant)
dissipator excludes the existence of dark states, indepen-
dently from the Hamiltonian. The resulting master equa-
tion (2) is easily solved in the momentum representation.
For a localized initial state, ρ0 = |j0〉〈j0|, we derive that
the average of the displacement operator xˆ =
∑
j aj|j〉〈j|
is 〈xˆ〉t = aj0 + aγt, describing a positive current. The
corresponding jumptime evolution (3) can also be solved
analytically, yielding the respective average displacement
〈xˆ〉n = aj0+an. The same transport behavior is obtained
if the nearest-neighbor hopping is replaced by a general
H(pˆ). In this example, the current is purely dissipation-
induced, while the coherent hopping merely disperses the
wave packet.
DARK STATE-INDUCED TOPOLOGY
A generic situation where translation-invariant col-
lapse models can give rise to dark states are single-
particle two-band models, i.e., (one-dimensional) lat-
tices with two sites per unit cell. We thus focus here
on translation-invariant Hamiltonians Hˆ =
∮
dp |p〉〈p| ⊗
Hˆ(p), with the Bloch Hamiltonian
Hˆ(p) = hx(p)σx + hy(p)σy + hz(p)σz. (4)
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B
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FIG. 1. Dark state-induced topology in one-dimensional two-
band models. (a) Dissipative extension of the Su-Schrieffer-
Heeger (SSH) model (beige dashed box comprising a unit
cell): A collapse process from the B sublattice to the A sub-
lattice (red arrows) turns states on the A sublattice into dark
states whenever intracell hopping v and intercell hopping w
vanish, v = w = 0. (b) The general set of dark state-inducing
Hamiltonians Hd (red dashed line) for this collapse process
coincides with the z axis of the Bloch space. Bloch-space
Hamiltonians ~h(p) can then be topologically classified accord-
ing to their winding number W
[
~h(p)|~ez
]
about Hd.
The Pauli matrices σi, i ∈ {x, y, z}, are expressed with
respect to the intracell basis {|A〉, |B〉}, using the conven-
tion σz = |A〉〈A|−|B〉〈B|. We remark that an additional
contribution h0(p)12 would have no effect on the jump-
time evolution, as is easily seen by inspecting (3).
As a paradigmatic dissipative extension entailing dark
states, we consider collective collapse, described by a sin-
gle Lindblad operator Lˆcc = 1∞ ⊗ |A〉〈B|, where 1∞
denotes the identity in the infinite-dimensional external
lattice space. In the intracell space, the jump operator
induces a (momentum-independent) incoherent hopping
from the B to the A site. While such simultaneous col-
lapse over the extent of the entire lattice may appear arti-
ficial, it serves well for our demonstrational purposes. Be-
low, we also discuss the case of localized collapse opera-
tors. Alternatively, replacing the identity 1∞ by e−ipˆa/~,
as in the example above, results is an overall drift on top.
We stress that the resulting (walltime) master equations
in all these cases are not quadratic/Gaussian.
Clearly, the collective collapse operator Lˆcc admits the
possibility of dark states, as it annihilates any state that
lives exclusively on the A sublattice, Lˆcc
∮
dpψ(p)|p〉 ⊗
|A〉 = 0 for general ψ(p). If dark states exist or not is
then ultimately decided by the Hamiltonian. Specifically,
[Hˆ(p0), |A〉〈A|] = 0 if and only if Hˆ(p0) = hz(p0)σz, i.e.,
dark states are present whenever there exist momenta
p0 where Hˆ(p0) = hz(p0)σz. This implies that, for the
dissipator Lˆcc, the set of dark state-inducing (or dark for
short) Hamiltonians Hd is determined by Hd = {Hˆ|Hˆ =
hzσz, hz ∈ R}, which exactly comprises the z axis of the
Bloch space of all Hamiltonians (4), cf. Fig. 1. We thus
find that, if we exclude Hd from the set of admissible
Bloch Hamiltonians, the resulting spaceHcc is not simply
connected.
Due to the topology of the Brillouin zone, the Hamilto-
nian (4) describes a closed loop in the Bloch space. The
topological structure ofHcc then classifies the Hamiltoni-
ans (4) into separate equivalence classes, indexed by their
winding number about the set of dark Hamiltonians Hd,
i.e., the z axis of the Bloch space:
W
[
~h(p)
∣∣~ez] :=∮
dp
2pi
1
h2⊥(p)
(
∂hx(p)
∂p
hy(p)− hx(p)∂hy(p)
∂p
)
, (5)
where h2⊥(p) = h
2
x(p) + h
2
y(p) indicates the separation
from the dark Hamiltonians. As we show below, this
integer-valued topological index of the Bloch Hamilto-
nian can have a strong impact on the jumptime dynamics.
We remark that a similar dark state-based characteriza-
tion of topology has been formulated in [33], there in the
context of non-Hermitian/lossy quantum systems. More-
over, we note that the situation becomes more complex
in the case of momentum-dependent intracell collapse,
where the set of dark state-inducing Hamiltonians may
in general describe a two-dimensional manifold.
The Hamiltonian (4) includes the paradigmatic Su-
Schrieffer-Heeger (SSH) model as a special case, which
we often use for illustration in the remainder: hx(p) =
v + w cos pa~ , hy(p) = −w sin pa~ , and hz(p) ≡ 0, where
v > 0 (w > 0) denotes the intracell (intercell) hopping
and a the lattice constant, cf. Fig. 1. In the case of the
SSH model, the Hamiltonian traces a circle in the x-y
plane of the Bloch space, and the winding number can
take the two values W
[
~h(p)
∣∣~ez] ∈ {0, 1}, with the topo-
logical transition at v = w.
TOPOLOGY IN JUMPTIME EVOLUTION
We now demonstrate how the dark state-induced topo-
logical index of the Hamiltonian controls the jumptime
dynamics under collective collapse Lˆcc, even under the
condition that dark Hamiltonians are avoided. Clearly,
the latter is necessary in order to obtain a persistent
jumptime evolution, as ρn = 0 if Hˆ(p) = hz(p)σz and
n > 1. Let us consider the case h⊥(p) 6= 0∀p, i.e., dark
Hamiltonians are avoided entirely. For clarity, we first
specify to hz(p) ≡ 0. If we evaluate (3) in the momen-
tum basis, we obtain 〈p|ρ(A)n+1|p′〉 = Kcc(p, p′)〈p|ρ(A)n |p′〉,
where the jumptime propagator reads
Kcc(p, p
′) =
2~2γ2
(
hx(p) + ihy(p)
)(
hx(p
′)− ihy(p′)
)
2
(
h2⊥(p)− h2⊥(p′)
)2
+ ~2γ2
(
h2⊥(p) + h
2
⊥(p′)
) .
(6)
Note that we restrict, without loss of generality, the
quantum state to the A sublattice, 〈p|ρ(A)n |p′〉 :=
〈p,A|ρn|p′, A〉. This is possible because the collapse op-
erator Lˆcc projects the state back onto the A sublattice,
4constraining the jumptime state ρn to the A sublattice
from the first jump on. For the initial state ρ0, we as-
sume that it resides on the A sublattice. The explicit
solution of the jumptime evolution reads 〈p|ρ(A)n |p′〉 =
Kcc(p, p
′)n〈p|ρ(A)0 |p′〉. Since Kcc(p, p) = 1, the momen-
tum distribution is independent of the jump count n:
〈p|ρ(A)n |p〉 = 〈p|ρ(A)0 |p〉 if h⊥(p) 6= 0∀p.
In order to see how the topological equivalence class of
the Hamiltonian underlies the propagator (6), we define
the phase
Tcc
[
~h(p)
]
:=
i
2pi
∮
dp
[
∂
∂p
Kcc(p, p
′)
]
p′=p
. (7)
Evaluating Tcc
[
~h(p)
]
for (6), we obtain Tcc
[
~h(p)
]
=
W
[
~h(p)
∣∣~ez], i.e., Tcc[~h(p)] coincides with the winding
number about the dark Hamiltonians Hd, cf. Eq. (5).
We thus take the jumptime phase (7) as an indicator
for the impact of the dark-state induced topology on the
jumptime evolution. Below, we show that Tcc
[
~h(p)
]
, for
instance, directly controls the transport behavior.
For the more general case hz(p) 6= 0, the jumptime
propagator is derived in Appendix A. A finite hz in-
duces non-topological contributions R1,2 to the jumptime
phase: Tcc
[
~h(p)
]
= W
[
~h(p)
∣∣~ez] + R1[~h(p)] + R2[~h(p)],
with
R1
[
~h(p)
]
= − 2
~γ
∮
dp
2pi
∂hz(p)
∂p
ln
[
h2⊥(p)
~2γ2
]
, (8a)
R2
[
~h(p)
]
=
∮
dp
2pi
∂hz(p)
∂p
16h2z(p) + ~2γ2
4~γ h2⊥(p)
. (8b)
Imposing symmetry constraints on the system Hamilto-
nian may, however, cause these residual terms to vanish.
This holds for chiral (sublattice) symmetry or PT sym-
metry, which enforce hz(p) ≡ 0, the case discussed above.
Similarly, time-reversal symmetry T implies hz(−p) =
hz(p) and h⊥(−p) = h⊥(p), which again results in vanish-
ing non-topological terms (8), for details see Appendix B.
We thus find that the topological character of the jump-
time evolution under collective collapse Lˆcc is manifest
for large, generic symmetry classes of Hamiltonians. In
the general case, a transition between different topologi-
cal equivalence classes is accompanied by a discontinuous
jump of Tcc
[
~h(p)
]
, quantified by the change of the wind-
ing number.
Note that, if and how the dark state-induced topol-
ogy affects the jumptime dynamics, is not decided by the
set of dark Hamiltonians Hd exclusively. For instance, if
we replace Lˆcc by Lˆ
′
cc = 1∞ ⊗ |B〉〈A|, Hd is the same,
but T ′cc
[
~h(p)
]
= −W [~h(p)∣∣~ez]+ (non-topological terms),
with the propagation restricted to the B sublattice. Al-
ternatively, we can replace Lˆcc by a sublattice projection,
either LˆA = 1∞ ⊗ |A〉〈A| or LˆB = 1∞ ⊗ |B〉〈B|. Both
dissipators share with Lˆcc the same set of dark Hamilto-
nians. However, their respective jumptime phases van-
ish, TA
[
~h(p)
]
= TB
[
~h(p)
]
= 0. This is because, even at
the dark Hamiltonians, the jumptime evolution persists
within the projected (i.e., non-dark) sublattices; e.g., for
LˆA, we have 〈p|ρ(A)n+1|p′〉 = ~γ~γ+i(hz(p)−hz(p′)) 〈p|ρ(A)n |p′〉
if Hˆ(p) = hz(p)σz. The jumptime propagator for LˆA
with h⊥(p) 6= 0 ∀p is given in Appendix C. The capacity
of the dissipator to shuffle states from the non-dark sec-
tor of the Hilbert space to the dark sector (from the B to
the A sublattice in the case of Lˆcc) is thus yet another es-
sential prerequisite. This implies that the non-Hermitian
Hamiltonian alone cannot explain the emergence of topo-
logical jumptime behavior, as Lˆcc and LˆB give rise to the
same Hˆeff = Hˆ − i~γ41∞ ⊗ (12 − σz).
TOPOLOGICAL TRANSPORT
The jumptime phase (7) is directly observable in
the transport behavior. To see this, we evaluate
the average displacement 〈xˆ〉n for collective collapse,
with xˆ =
∑
j aj|j〉〈j| ⊗ 12. We can write 〈xˆ〉n =
i~
∮
dp
∮
dp′δ(p − p′) ∂∂p 〈p|ρ(A)n |p′〉. Assuming a localized
initial state, ρ0 = |j0〉〈j0|⊗|A〉〈A| and hence 〈p|ρ(A)0 |p〉 =
a/h, one derives 〈xˆ〉n = 〈xˆ〉0 + i a2pin
∮
dp
∮
dp′δ(p −
p′)Kcc(p, p′)n−1 ∂∂pKcc(p, p
′). It follows immediately that
〈xˆ〉n = aj0 + anTcc
[
~h(p)
]
, (9)
i.e., the average displacement in jumptime is, under
generic symmetry constraints, controlled by the winding
about the dark Hamiltonians, changing linearly with the
jump count n in the topologically non-trivial sectors.
Note that, while the transport behavior (9) may be
reminiscent of topological pumping [34], no periodic mod-
ulation of the Hamiltonian is involved here. Rather, one
may argue that the role of the latter is here taken by the
(stochastically) concatenating quantum jumps.
We emphasize that (9) is valid at any stage of the
jumptime evolution, from the localized initial state to
the fully dispersed asymptotic state. More generally, it
holds whenever the momentum distribution is homoge-
neous. Since the momentum distribution is a constant
of motion under Lˆcc, this makes conceivable the rapid
switching between different topological transport behav-
iors. In contrast, the steady state of the respective wall-
time master equation (2) does not reproduce the topo-
logical transport behavior, as shown in Appendix D.
In the case of the SSH model, we obtain 〈xˆ〉n =
aj0 + anθ(w − v). In Fig. 2, we confirm this for the
first 4 jump counts, obtained through numerically exact
ensemble averaging over N = 700 quantum trajectories.
We also depict jumptime-evolved states for the trivial
and the topological phase, respectively, which highlights
that the underlying topological pattern is not manifest
in the spatial distributions.
5(a) (b)
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FIG. 2. Topological transport and wave packet evolution in
jumptime unraveling for the dissipative SSH model. Both the
(a) collective and the (b) local collapse display the topologi-
cal transition: in the topologically nontrivial (w > v) phase,
the average displacement 〈xˆ〉n grows linearly with the jump-
count n, while 〈xˆ〉n ≡ 0 in the trivial (v > w) phase [dashed
lines show analytical predictions (9), colored dots represent
numerically exact averages over N = 700 quantum trajecto-
ries, for the initial state ρ0 = |j0〉〈j0| ⊗ |A〉〈A| with j0 = 0].
At the same time, the underlying spatial distributions of the
jumptime-averaged states are strongly dependent on the col-
lapse model: already at n = 3, the spatially asymmetric wave
packets for collective collapse [panel (c)] differ significantly
from the virtually symmetric wave packets for local collapse
[panel (d)]. The histograms are plotted for w = 0.2 and
v = 0.5 (light red bars), and w = 0.5 and v = 0.2 (light
blue bars). Empty bars correspond to the initial states at
n = 0.
A similar winding number-controlled average displace-
ment for a non-Hermitian/lossy extension of the SSH
model was derived in seminal earlier work [5]. In our lan-
guage, this work describes the evolution up to the first
jump event, restricting the average displacement to a sin-
gle step (one unit cell).
LOCALIZED COLLAPSE
The collective collapse Lˆcc can be generalized to a
broader class of translation-invariant collapse models. To
this end, we introduce a collection of jump operators de-
scribing momentum kicks, Lˆq = e
iqxˆ/~⊗|A〉〈B|, weighted
by a momentum transfer distribution G(q)
(∮
dq G(q) =
1
)
. The corresponding jumptime evolution (3) reads
ρn+1 =
∫∞
0
γdτ
∮
dq G(q)Lˆqe
− i~ Hˆeffτρne
i
~ Hˆ
†
effτ Lˆ†q, with
both the effective Hamiltonian Hˆeff and the set of dark
Hamiltonians Hd the same as for the above discussed
collective collapse.
One easily verifies that the collective collapse is com-
prised as a limiting case, corresponding to G(q) = δ(q).
The other limit of local collapse, where each unit cell
comes with its Lindblad operator Lˆj = |j〉〈j| ⊗ |A〉〈B|,
corresponds to G(q) = a/h. Other choices of G(q) char-
acterize localized collapse processes with spatially ex-
tended range. For instance, we can associate G(q) ∝
exp
[
− q22σ2
]
with coarse-grained local collapse operators
of width σ > 0.
The jumptime evolution for the family of collapse
operators Lˆq, together with the Hamiltonian (4) and
h⊥(p) 6= 0∀p, becomes
〈p|ρ(A)n+1|p′〉 (10)
=
∮
dq G(q)Kcc(p− q, p′ − q)〈p− q|ρ(A)n |p′ − q〉,
with Kcc(p, p
′) as in (6). The corresponding momentum
distribution 〈p|ρ(A)n+1|p′〉 =
∮
dq G(q)〈p− q|ρ(A)n |p− q〉
broadens after each jump, unless G(q) ∝ δ(q) (collec-
tive collapse). This broadening eventually produces the
homogeneous momentum distribution required to ob-
serve topological transport, independently from the ini-
tial state. This generally happens before the steady state
is reached. For instance, for local collapse, G(q) = a/h, a
single jumptime step induces such homogeneous momen-
tum distribution.
Given 〈p|ρ(A)n |p〉 = a/h, we derive from (10) the av-
erage displacement 〈xˆ〉n+1 = 〈xˆ〉n + aTcc
[
~h(p)
]
, i.e., the
transport under general localized collapse remains con-
trolled by the winding about the dark Hamiltonians. In
Fig. 2 we numerically confirm this for the SSH model with
local collapse for the first 4 jump counts. We also numeri-
cally verified it for Lˆj =
1
2 (|j〉〈j|+|j + 1〉〈j + 1|)⊗|A〉〈B|
(not displayed).
We make two final remarks: (i) For local collapse, the
steady state of (2) is known to reflect the topological
transport behavior [35]. While we conjecture that this
holds for any G(q) 6= δ(q), the jumptime evolution fea-
tures the topology at any stage of the evolution, including
for collective collapse. (ii) In the case of more general col-
lapse models, e.g., with momentum-dependent intracell
component, we must expect that the set of dark Hamil-
tonians becomes itself momentum-dependent. In such a
case, the jumptime phase (7) will be a functional of all
momentum-dependent objects that characterize the dis-
sipative/monitored system, calling for a correspondingly
generalized geometric treatment.
CONCLUSIONS
We introduced a topological classification of open
quantum systems based on the collective behavior of
quantum trajectories when read out at the jumptimes.
The classification is rooted in the sensitivity of the jump-
time evolution to the presence of dark states. Depending
6on model details, the space of non-dark Hamiltonians
may acquire non-trivial connectivity, which can mani-
fest itself as a topological contribution to the transport
current. When, additionally, certain common symmetry
constraints are satisfied, the transport is controlled ex-
clusively by the topological properties of the model. The
jumptime evolution and its associated topological trans-
port are observable in continuous monitoring schemes,
which may be realized, for instance, in engineered quan-
tum systems including trapped ions, ultracold atoms in
optical lattices, or quantum simulators based on super-
conducting qubits.
The introduced topological classification of dissipative
quantum systems represents a distinct alternative to clas-
sifications in terms of, e.g., their steady states or Liou-
villian spectra. Being based on the jumptime propaga-
tion, it is of intrinsically dynamical nature. By virtue of
its reference to quantum trajectories, it connects/builds
a bridge between topological classification schemes for
non-Hermitian (i.e., conditioned) quantum systems and
quantum dissipative systems. Similar to the Berry/Zak
phase for closed quantum systems based on eigenstates,
the jumptime phase based on the jumptime propagator
can serve as a platform for a general topological classifi-
cation beyond the considered frame.
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Appendix A
Here we describe the jumptime evolution for the
Hamiltonian (4) in the most general case of hz(p) 6= 0,
and the collective collapse operator Lˆcc = 1∞ ⊗ |A〉〈B|.
The jumptime evolution, restricted to the A sublat-
tice, reads 〈p|ρ(A)n+1|p′〉 = Kcc(p, p′)〈p|ρ(A)n |p′〉, with the
jumptime propagator
Kcc(p, p
′) =
2~2γ2
(
hx(p) + ihy(p)
)(
hx(p
′)− ihy(p′)
)
2A2(p, p′) + ~2γ2B(p, p′)
,
(11)
where we abbreviated
A(p, p′) =h2⊥(p)− h2⊥(p′) + h2z(p)− h2z(p′) (12a)
+ i~γ
(
hz(p) + hz(p
′)
)
/2,
B(p, p′) =h2⊥(p) + h
2
⊥(p
′) + h2z(p) + h
2
z(p
′) (12b)
+ i~γ
(
hz(p)− hz(p′)
)
/2.
As above, we require h2⊥(p) = h
2
x(p)+h
2
y(p) 6= 0∀p. Note
that here again Kcc(p, p) = 1, in agreement with normal-
ization. When hz = 0, as expected, Eq. (6) is recovered.
Appendix B
For a generic Bloch Hamiltonian Hˆ(p), the jump-
time phase Tcc has non-topological contributions R1,2
defined by Eqs. (8). Here we demonstrate that, if the
Bloch Hamiltonian satisfies certain symmetries, the non-
topological terms vanish identically.
We start with time-reversal symmetry T . Under the
action of T , momentum changes sign, p → −p, and the
Hamiltonian is subject to complex conjugation. Conse-
quently, the Hamiltonian Hˆ is said to posess time-reversal
symmetry when the following holds true:
T : Hˆ(p) = Hˆ∗(−p) ∀p. (13)
This implies that
hx(p) = hx(−p), (14a)
hy(p) = −hy(−p), (14b)
hz(p) = hz(−p). (14c)
In other words, hx,z(p) must be even functions of p, while
hy(p) is odd, which results in vanishing R1,2. Indeed, it is
easy to check that h2⊥ is even, while ∂hz/∂p is odd. Thus,
the integrands in Eqs. (8) are odd, and the integrals are
both zero.
Spatial inversion symmetry P, on the other hand, does
not guarantee the nullification of the non-topological
terms. Under the action of P, momentum changes sign
p → −p, and the sublattices switch, A ↔ B. Therefore,
the system is invariant relative to the spatial inversion
when its Hamiltonian satisfies
P : Hˆ(p) = σxHˆ(−p)σx ∀p, (15)
which is equivalent to
hx(p) = hx(−p), (16a)
hy(p) = −hy(−p), (16b)
hz(p) = −hz(−p). (16c)
These relations are insufficient to argue that R1,2 vanish.
Indeed, they imply that the integrands in Eqs. (8) are
even, and we cannot claim that R1,2 = 0.
Next, we consider PT symmetry (invariance after si-
multaneous inversion of both the spatial coordinate and
the time direction). We demand that
PT : Hˆ(p) = σxHˆ∗(p)σx ∀p. (17)
A Hamiltonian satisfies this equality when
hz(p) = −hz(p). (18)
which further implies
hz(p) ≡ 0. (19)
Identical nullification of hz guarantees that both non-
topological terms vanish.
8Finally, we discuss chiral symmetry. A Hamiltonian Hˆ
posesses chiral symmetry S if
S : σzHˆ(p)σz = −Hˆ(p) ∀p. (20)
Speaking informally, a Hamiltonian satisfies this require-
ment when intra-sublattice terms are absent, only inter-
sublattice hopping terms are present. It is easy to check
that Eq. (19) is both necessary and sufficient for Hˆ to
exhibit chiral symmetry. This means that any chirally
symmetric Hamiltonian is also PT -symmetric, and the
reverse is also true.
Appendix C
We describe the jumptime evolution for the Hamilto-
nian (4) with h2⊥(p) = h
2
x(p) + h
2
y(p) 6= 0 ∀p, comple-
mented by the sublattice projector LˆA = 1∞ ⊗ |A〉〈A|.
For simplicity, we specify to hz(p) ≡ 0.
The jumptime evolution, restricted to the A sublat-
tice, reads 〈p|ρ(A)n+1|p′〉 = KA(p, p′)〈p|ρ(A)n |p′〉, with the
jumptime propagator
KA(p, p
′) =
~2γ2
(
h2⊥(p) + h
2
⊥(p
′)
)
2
(
h2⊥(p)− h2⊥(p′)
)2
+ ~2γ2
(
h2⊥(p) + h
2
⊥(p′)
) .
(21)
Note that KA(p, p) = 1, in agreement with normal-
ization. The respective jumptime propagator for the
sublattice projector LˆB = 1∞ ⊗ |B〉〈B| reads identi-
cally, 〈p|ρ(B)n+1|p′〉 = KB(p, p′)〈p|ρ(B)n |p′〉 with KB(p, p′) =
KA(p, p
′).
Appendix D
We determine the steady state of the master equation
(2) for the Hamiltonian (4) and the collective collapse
operator Lˆcc = 1∞ ⊗ |A〉〈B|, and evaluate its trans-
port behavior. For simplicity, we restrict us to the case
hz(p) ≡ 0.
Since both Hˆ and Lˆcc are diagonal in the momen-
tum basis, the steady state ρss of the master equa-
tion (2) is easily obtained in momentum representation,
ρss =
∮
dp 〈p|ρex,0|p〉|p〉〈p| ⊗ ρin(p), where 〈p|ρex,0|p〉 de-
notes the momentum distribution of the initial state.
In Bloch representation, the internal state component
ρin(p) =
1
2 (12 + ~rss(p) · ~σ) reads
~rss(p) =
~γ/2
h2⊥(p) + ~2γ2/8
 hy(p)−hx(p)
~γ/4
 . (22)
To evaluate the transport behavior, we further spec-
ify to the SSH model and determine the expectation
value of the single-particle cross-section current Jˆ =
−iw(|j + 1, B〉〈j, A| − |j, A〉〈j + 1, B|). Note that the
steady state is translation-invariant and therefore 〈Jˆ〉ss
independent of j. Assuming a localized initial state,
ρex,0 = |j0〉〈j0| or 〈p|ρex,0|p〉 = a/h, we obtain
〈Jˆ〉ss = γ~
4
(
1 +
w2 − v2 − γ2~2/8√
(w2 − v2 − γ2~2/8)2 + w2γ2~2/2
)
.
(23)
Only in the limit γ → 0 the topological transition at
v = w is recovered.
